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NUMBERTHEORETICAL ENDOMORPHISMS 
WITH a-FINITE INVARIANT MEASURE 

BY 

F. SCHWEIGER 

ABSTRACT 

A class of measurable transformations which serves as a model for several 
y-expansions is discussed. Sufficient conditions for ergodicity and the exis- 
tence of a cr-finite invariant measure are given. 

1. Introduction 

Various models have been proposed which cover  almost  all known continued 

fraction-like expansions possessing a finite invariant measure  equivalent  to 

Lebesgue measure  (R6nyi [7], Schweiger [8], Fischer [4]). However ,  there are 

interesting examples  of simple algorithms which do not exhibit a finite invariant 

measure.  In this note an ergodic theory is given and some examples  are worked 

out in detail. 

2. A class of numbertheoretical endomorphisms 

Let  (B, ~:, A) be a probabil i ty space. We consider t ransformat ions  T : B ---> B 

subject  to the following conditions. 

(a) T is measurable  and nonsingular. 

(b) There is a partition { B ( k ) l k  ~ I} the fibres B ( k )  of which are 

measurable.  The index set I is finite or countable.  

(c) There is a family of measurable  and nonsingular mappings 

V(k )  : B --, B(k) ,  k E I, such that V ( k ) T  = link) and T V ( k )  = 1~. 

(d) We define 

V ( k , , . . . , k ~ )  = V(k , , . . . , kn_ , )  V(kn) 

B ( k , , . . . , k n )  = V ( k , , - . - ,  kn_,) B(k . )  

and ~ ( ~  denotes the family of all cylinders B ( k , , . . . ,  k,)  of order n. Then we 
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suppose that ~ =  U ~_j~c,, generates .~. In our examples this will follow 

from 

lim ( sup. d i amZ)  = O. 

(e) We put 

A ( k , , . . . , k , ) ( x )  = dAV(k , , . . . ,  k. ) (x  ) 
dA 

Given a constant C ~ I  we call a cylinder B ( k , , . . . , k , )  an R-cylinder if it 

satisfies "R6nyi 's  condit ion" 

(e.l) 

ess s u p A ( k , , . . . , k , ) ( x ) ~  C ess inf A ( k , , . . ' , k , ) ( x ) .  
I C O  x E B  

The set of all R-cylinders with constant C is denoted by ~3(C, T). The ideal case 

is that we can find a constant C => 1 such that ~(C, T) = ~. In this case (Lemma 

4) one can show the existence of a finite invariant measure /~ - A .  

In the examples we want to cover  the case ~(C, T) is a proper  subclass of 

for all C => I. The examples suggest to impose the following weaker condition 

(e.2) There can be found a constant C _-> I and a class ~ (C. T) C_ ~(C, T) 
i f . l )  If B ( k , , . . . , k , ) E ~ ( C , T )  then B(a, , . . . ,as ,  k h " . , k , ) c ~ ( C , T )  

for any choice of the sequence a , , . . . , a , .  

This is a kind of Markov property.  

(f. 2) Let 

then 

~ ,  : = { B ( k , , - . . . k . ) E g ~ ' " ' [ B ( k , , . . . , k , ) E g ~ \ ~ ( C , T ) ,  1 <-s -_<=n}, 

lim ~ A (B(k , . . . . , k , ) )=  O. 

Note that we do not assume 

~ A ( B ( k , , . . . , k , ) ) <  oc. 
rt = J ~ .  

This condition would again imply the existence of a finite invariant measure 

p . - A .  

In Section 3 we will prove some general results (ergodicity of T, existence of 

a o--finite invariant measure ~ - A ) .  In Section 4 we will work out some 

examples. 
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3. Some general results 

LEMMA I. For any B (k , , . . . ,  k,) E ~r ~') n ~(C,  T) we have 

A(T- 'E  n B(k,, ...., k,)) >= C- 'A(E)A(B(k , , . . . ,  k,)). 

PROOF. 

A(T- 'E  n B (k , , . . . , k . ) )=  ( ce( T"x )dA (x ) 
Ja  (k I,'",km) 

fB cE(y)A(k,, �9 �9 k, ) (y) dA (y) 

>= C- 'A(E)A(B(k , , . .  ., k,)). 

We now introduce the class 

~ ,  = {B(k,, . . ., k.) E ~"~I B(k,, . . ., k,) E ~ (C, T), B(k,, . . ., k,_,) E ~,_,}. 

We remark that U ;'*,~ U 9 ,  is a disjoint covering of B. 

LEMMA 2. Any cylinder is within a set of A-measure zero a disjoint union of 
R-cylinders. 

PRooF. We may assume B ( k , , . . . , k . ) E ~ \ ~ ( C , T ) .  Then we form the 
disjoint union representation 

B ( k , , . . . , k , ) =  0 U B ( k , , . . . , k , , a , . . . , a , )  
t ~ l  B(a l , -" .a l )E~f  

U U B(k , , . . . , k . ,b , , . . . ,b in ) .  
B(bl,-"., b~)E fiO~ 

Here we use (f.l). Then we have 

A(,~b,. .b.,E~.U B ( k , , " ' , k , , b , , " . , b m ) ) =  ~ A ( V ( k , , . . . , k , ) B ( b , , . .  . ,b,)).  

Using (f.2) and the fact that A (A) = 0 implies A (V(k , , . . . ,  k,)A) = O, 

we are done. 

THEOREM 1. T is ergodic with respect to A. 

PROOF. Let T- 'E  = E, then we have 

;~(E n z )  >= C-';~(E);~(Z) 

for any R-cylinder Z. Lemma 2 implies that this is sufficient to conclude c~ => 1 
a .c .  
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LEMMA 3. T admits  a cr-finite invariant measure tz ~ A iff there exists a 

measurable [unction f such that 

f ( x )  = ~ f ( V ( k ) x ) A ( k ) ( x )  a.e. 
k E I  

PROOF We take t~(A)= f A f ( x ) d A ( x )  and consider the defining equation 

t z ( T - ' A  ) = ~ i ~ ( V ( k ) A  ) = tz(A ). 
k E I  

LEMMA 4. I f  there is a constant  D such that ~(D,  T) = ~,  then T admits  

even a finite invariant measure v ~ A and D -~ <= f <- D a.e. 

PROOF. In this case 

A ( T - m B ( k , ,  . .  ., k,)) 

= ~ A (B (a , , .  . .,am, k , , .  . . , k , ) )  

= ~'~ fB A ( a , , . . . , a , , ) ( V ( k , , . . . , k , ) x ) A ( k , , . . . , k , ) ( x ) d A  (x) .  

Therefore, using (e. 1) which condition now applies to all cylinders, we obtain 

D - ' A ( B ( k , , . . . ,  k,)) < A (T-roB(k1, . .  ., k,)) -< D A ( B ( k , , . . . ,  k , ) ) .  

From known theorems in ergodic theory (see e.g. Friedman [5]) the lemma 

follows. 

Now we define an auxiliary transformation T * : B  ~ B as follows: 

T * x =  T"x iff x E B ( k l , . . . , k , ) ,  B ( k ~ , . . . , k ~ ) E ~ , .  

As can be checked easily, the following lemma is true: 

LEMMA 5. T* is a numbertheoretical endomorphism in the sense o f  Section 

2. The fibres o f  the time-one-partition are the cylinders B ( k , , . . . ,  k , ) E  ~ , ,  

n = 1 ,2 , - - . .  

Furthermore, we have 

~(C,  T*) = ~ *  

and there exists a finite T*-inuariant measure I~* ~ ;c 

PROOF. The assertion on the time-one-partition follows from the very 

definition. Using (f.l) we see that all cylinders (with respect to T*) are 
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R-cylinders (with respect to T) and therefore satisfy (e.l). We can apply 

Lemma 4 with D = C, T replaced by T*, u -- u* .  

If we put t t * ( A ) = f A f * ( x ) d A  (x), we note that Lemma 3 implies 

f*(x) = s ~ [*(V(k , , . . . , k , )x )A(k , , . . . , k , ) (x ) .  
n = l . ~ .  

LEMMA 6. E~:, E~, A (k , , - " , k , ) ( x )<  ~ a.e. 

PROOF. Let B(a , . . . , am)E .~ (C ,T ) .  Then 

f ~" ~_~ A(k, , . . . ,k , ) (x)dh(x)  
n = l  2 , ' .  

B ( a  l ,  " . a ~  ) 

- 1  H( Ik  I k ) C ' - r  " , ,  "n ' n 

= s Z ,(B(k,,..,k.))-~m s E ,(B(k,....,k~.,)) 
n - I  2/~n - * ~  j = l  f f n * l  

= :~ Z,(B(k,, ..,ko)). 
n =  i w n  

Here we have used (f.2) to obtain the convergence of the majorant and the fact 

that i f . i ) impl i e s :  Let B ( a , . . . . , a m ) E ~ ( C , T ) a n d  B ( k , , . . . , k , ) ~ , ,  then 

B ( k , , . . . , k , , a , , . . . , a , , ) ~  . . . .  By Lemma 2, Lemma 6 is proved. 

TH~:OREM 2. T admits a (r-finite invariant measure g ~ A. 

PROOF. The measurable function 

[(x) = f*(x) + ~, ~, f* (V(b , , . . . ,  b,)x)A(b,, . . . ,  b,)(x) 
n I , j . n  

is finite a.e. by I.emma 6. We will show that f is the density of an invariant 

measure: 

k C . I  I 

+ ~, E/*(V(~,,"-,a~ 
n I ~ ' n  

�9 V(k)x)A(a, , . . . ,  a,)(V(k)x)A(k)(x)] 
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- -  X 2 X r(v(a,,...,o,,k)x) 
k E I  n -1 B ( a l , . . . , a n ) (  Lg n 

�9 , a. ,  k ) ( x ) ]  A ( a , , - .  

= ~ ~_~ f * ( V ( a , , . . . , a , _ , , k ) ) A ( a , . . . . , a ,  , , k ) ( x )  
n - I  B ( a l , - . . . a  n i ,kiC,~n 

+ ~ ~ f * ( V ( a , , . . . , a ~  , , k ) )a(a , , . . . .a ,_ , , k ) (x )  
n - I  R ( a l , '  ' ,an  I,k)Ee~d?n 

- - f * ( x ) +  ~ ~ f * ( V ( a , , . . . , a ,  , ,k) )A(a, , . . . ,a~ , , k ) ( x )= f ( x ) .  
n -  I ~ n  

Note  that  we have  used B ( a , . . . , a , _ , . k ) E : ~ ~  iff B ( a , , . . . . a , _ , ) E ~ ,  , and 

B ( a , , . . . ,  a,_, ,  k) E ~ ( C ,  T). 

REMARK. f is in tegrable  (and # is a finite measu re  iff 

X~_~ Z ~ . A ( B ( k , , . - . ,  k,))  < ~c. 

4. Examples 

All e x a m p l e s  given are on the probabi l i ty  space  B = [0, I] rood 0, ~ = rr- 

a lgebra  of  Borel  sets,  A L e b e s g u e  measure .  We first p rove  

LEMMA 7. Suppose that all V(k) are continuously differentiable and there is 
a point y E [0, 1] such that Ty = y and T ' y  = l, then for every C >= 1 the class 
~(C ,  T) is a proper subclass of  ~. 

PROOF. F rom Ty = y  we see that y has a pure ly  per iodic  expans ion  

k~(y) = b, s = 1 , 2 , . . . .  T h e r e f o r e  for  eve ry  n ~ l by the chain rule we obtain  

[ dT" ]-J 
A ( b , . . . ,  b)(y) = A ( b , . . . ,  b)(T"y) = [-d~-x (y)  = 1. 

o n 

H ence ,  

supA(b ,  - �9 -, b)(x) >-_ 1. 

n 

On the o the r  hand,  

o 

n n 

T h e r e f o r e  

where  l i m . ~ e ( n )  = O. 

i n f A ( b , . . . ,  b )(x) <= e (n ) ,  
x ~ B  
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COROLLARY. In such  a po in t  y we clearly  have  f (y )  = + oo. 

PROOF. Insert y in the formula given by Theorem 2 and observe 

V ( b , . . . , b ) y  = y. 

Now we discuss several examples. 

(1) 

[8] .  

This example is due to R6nyi (Adler [1]). It is also discussed in Rudolfer 

/ = {o,  l ,  2 , . . . ,  .} 

k k + l ]  
B ( k ) =  k + l ' k + 2  

x + k  
V ( k ) ( x )  - 

x + k + l  

x 
Tx = mod 1 

1 - x  

1 
A ( k , , . . . , k , ) ( x )  = 

(C~ + D , x )  2 

Ci = k, + 1, D, = 1 

C,+, = (C, + D,)L§ + C ,  D s + , = C , + D , .  

Therefore  C, => D~ iff ks -> 1. 

We take C = 4 and we take 

~(4 ,  T ) =  { B ( k , , . . . , k , ) [ k ,  => 1} 

~ = { B ( O , . . . , 0 ) } .  

S 

We remark that TO = 0 and T'0 = 1. In fact, 

I 
A(O, �9 � 9  O) ( x )  - 

(1 + s x )  ~ 
$ 

1 
X ( B ( 0 , . . . ,  0)) - 

l + s "  
s 

The density of the invariant measure is known: 

1 
f ( x )  = -~. 
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Now take 

NUMBERTHEORETICAL ENDOMORPHISMS 315 

I ' l  E = B ( 0 , 0 , . . . , 0 ) =  0, i----~-~s . 
s 

Since the indicator  func t ion  of  [0, I ] \ E  is integrable with respec t  to tz, the 

ergodic  t heo rem implies 

lira 1 N-1 N-| ~ cE(T'x)= 1. 
i -O 

This result  states that  the f r e q u e n c y  of  a b lock  0 .  �9 �9 0 in the sequence  of  digits 

is a.e. one. s 

Put  ~ ( x )  = I - x ,  then the t r ans fo rmat ion  W T ~  gives a con t inued  f rac t ion-  

like algori thm which has been useful  in algebraic  geome t ry  (Hi rzebruch  [6], 

Cohn  [3]). 

(2) This a lgori thm is ment ioned  in Adler  [1]. 

I = {0, l} 

k k + l ]  
B ( k ) =  ~, ~- 

1 k 
V(k)x = ~ arc tan (2 tan ~rx)+ 

1 tan 2~rx Tx = - -  a rc tan  
lr 2 

A direct  calculat ion of  A(k,,-  �9 -, ks) seems to be compl ica ted ,  but  Fischer  was 

able to p rove  

LEMMA 8 (Fischer) .  Rdnyi's condition (e . l )  is satislied [or the class 

~(e6~,T)={B(k,," ' ,k3)Jk~-,=O,k~= l or ks ,= l,ks=O}. 

PROOF. We note  

4 24rr sin 4rrx 
T"x =- T'x - 1 + 3 cos227rx ' (1 + 3 cos22rrx) 2 

The re fo re ,  

Clearly 

JT"z/T'z]<=67r fo ra i l  z E B .  
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sup I (TS)'n I A(k , , . . . , k , ) ( x )  = sup 
~.~s A(k, , . . . ,k~)(y)  .... o,k, .k,, 

Then we estimate 

log ~ ~ = o l l o g T ' ( T ' n ) - I o g T ' ( T ' v ) j  

s I 

=< 6 r r ~ [  T'n - T 'v  ] 
i ~ O  

s - I  

_-< 6~r~  A ( B ( k , . , , . . . ,  k,)). 
i = O  

We will only discuss the case k, ~= 0, k, = 1. Then we will show 

(*) A ( B ( a , , . . . ,  a,, 0,1))-< A ( B ( 0 , . . . ,  0,0, 1)) 

n 

for any choice of ( a , . .  ",am). 

If we take this result as granted, we conclude 

s - 2  

A(B(k,~, , . . . ,k~ 2,0, l ) )+ A(B(1)) 
i - O  

s I 

- Y, x ( B ( 0 , . . . , 0 ,  i ) )  -< 1. 
i ~ o  

i 

Now we will prove (*)  by induction on n. The case n = 0 is clear. Using 

2 
~(k)(x) = 5 -  3 cos27rx 

cos 27rV(0)x = - cos 2rrV(l)x, 

one verifies (by induction on t) 

a ( k ) ( V ( O , . .  . ,0 ,0,  l)l)  = A ( k ) ( V ( I , .  . ., t,O, 1)!). 

t t 

Now let us assume ( a2 , "  " , a , ) ~  (0 , . . - ,0 ) .  Then we have 

V(0, . .  ', 0,0, 1)I -< V ( a 2 . . . . ,  a,,,0, I)x 

<_- V ( I , . . . , 1 , 0 , 1 ) I .  
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N o w  we ca l cu l a t e  

a ( B ( a , , . . . , a , , O ,  1)) 

fO I = A ( a , . . . . , a , , O , l ) ( x ) d h ( x )  

~0 I = A ( a , ) ( V ( a ~ , . . . ,  a,,  O, 1 ) x ) A ( a . , . . . . ,  a, .  O, l ) ( x ) d A ( x )  

<_- A(a , ) (  V ( 0 , . . . ,  0, 0, I ) A ( B ( a 2 , . . . ,  a,,O, 1)) 

n - I  

__-< A ( a , ) ( V ( 0 , . .  ", 0 ,0 ,  I ) I ) A ( B ( 0 , . . - ,  0 ,0 ,  I)) 

n - I  n - I  

L' 
N A ( a , ) ( V ( O , . - - , 0 , 0 ,  I ) l ) x )A(O . - -  . , 0 ,0 ,  I ) ( x ) d A ( x )  

= A ( B ( 0 , - . . , 0 , 0 ,  I)). 

n 

Here  we used that  A(k)  is i n d e p e n d e n t  of  k. S imi la r ly  one  ca l cu la t e s  

A ( B ( 1 , 0 , . . . , 0 , 0 ,  1)) = A ( B ( 0 , 0 , . ,  . , 0 , 0 ,  I)). 

n - I  n - I  

N o w  we have  seen that  we can c h o o s e  C = e ~" and ~ ( e  ~", T) a c c o r d i n g  to the 

p r eced ing  [emma.  

~ ,  = ~ B ( 0 , . . . , 0 ) , B ( J , . . . ,  I)}. 
s s 

In this  case  TO = 0, TI  = I and T '0  = T ' I  = I. Us ing  

cos'- 2 r t V ( k  )x - 
I + cos  2zrx 

5 - 3 cos  2 n-x ' 

one  can p r o v e  

lim c o s 2 z r V ( 0 , . . . , 0 ) x  --:- lira cos  2 ~ - V ( I , . - . ,  I)x --- 1. 
rl -,x 

n n 

F r o m  this cond i t i on  (f.2) fo l lows .  The  dens i t y  of  the invar ian t  m e a s u r e  is 

k n o w n "  

. f (x)  - I 
1 - cos  2 ~rx " 
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NOTE. The transformation S : ~ --~ ~ defined by Sx = x - l /x  a.e. pre- 

serves Lebesgue measure. We define 

then easily that 

and 

~b: [0, 11---~ ~ ,  x--~ tan ( x T r -  2 ) a . e . ,  

s ~  = ~,T 

J 2 dx. 
A(~bE) = 1 -  cos 27rx E 

Hence we can deduce from Theorem 1 the main theorem of the paper by Adler 

and Weiss [2 ] :S  is ergodic. 
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